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Unsteady Euler Airfoil Solutions
Using Unstructured Dynamic Meshes

John T. Batina*
NASA Langley Research Center, Hampton, Virginia 23665

Two algorithms for the solution of the time-dependent Euler equations are presented for unsteady aerody-
namic analysis of oscillating airfoils. Both algorithms were developed for use on an unstructured grid made up
of triangles. The first flow solver involves a Runge-Kutta time-stepping scheme with a finite-volume spatial
discretization that reduces to central differencing on a rectangular mesh. The second flow solver involves a
modified Euler time-integration scheme with an upwind-biased spatial discretization based on the flux-vector
splitting of Van Leer. A significant aspect of the research is the implementation of a dynamic mesh algorithm
that is employed for problems where the airfoil moves. Steady and unsteady results are presented for the NACA
0012 airfoil to demonstrate application of the Euler solvers and dynamic mesh algorithm. The unsteady flow
results were obtained for the airfoil pitching harmonically about the quarter chord. The two sets of calculated
instantaneous pressure distributions and lift and moment coefficients during a cycle of motion compare well
with each other and with the experimental data. The paper presents descriptions of the Euler solvers and
dynamic mesh algorithm along with results which assess the capability.

Introduction

CONSIDERABLE progress has been made over the past
two decades on developing computational fluid dynamics

(CFD) methods for aerodynamic analysis.1 Recent work in
CFD has focused primarily on developing algorithms for the
solution of the Euler and Navier-Stokes equations. Also, Ed-
wards and Thomas2 have recently reviewed the significant
advances that have been made in the development of computa-
tional methods for predicting unsteady flows. This research
has been highly focused on developing computer codes for the
solution of the transonic small disturbance and full-potential
equations, although efforts are currently underway at the
higher equation levels as well. For unsteady aerodynamic and
aeroelastic analysis with body-fitted meshes, these methods
generally require that the mesh move to conform to the instan-
taneous position of the moving or deforming body under
consideration. Many of the methods that are currently being
developed assume that the mesh moves rigidly or that the mesh
shears as the body deforms. The assumptions consequently
limit the applicability of the procedures to rigid-body or small-
amplitude motions. Furthermore, these methods of solution
typically assume that the computational grid has an underly-
ing geometrical structure. As an alternative, algorithms which
make use of unstructured grids have been developed re-
cently.3-9 In two dimensions these grids are typically made up
of triangles, and in three dimensions they consist of an assem-
blage of tetrahedra. The unstructured grid methods have the
distinct advantage over structured grid methods in that they
can easily treat the most complex of geometric configurations
as well as flow conditions. For example, an inviscid transonic
flow solution was presented by Jameson et al.5 for the Boeing
747 aircraft, which was computed using an unstructured tetra-
hedral grid. In this calculation, the complete vehicle geometry
was modeled including multiple lifting surfaces, the fuselage,
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underwing pylons, and flow-through engine nacelles. Further-
more, the unstructured grid-flow solvers easily lend them-
selves to solution-adaptive procedures where the grid is
adapted to gradients of the solution to more accurately resolve
the flow physics. As discussed by Lohner,7 this may be accom-
plished using mesh movement, mesh enrichment, or remesh-
ing, all of which pose no problems for most unstructured
grid-flow solvers. In contrast, a structured grid-flow solver
becomes relatively much more complicated when refinement
procedures, such as embedded grids, are utilized.

Two algorithms for the solution of the time-dependent Eu-
ler equations, based on the use of unstructured grids, are
described in the present paper. The algorithms were developed
for the unsteady aerodynamic analysis of oscillating airfoils
using unstructured grids made up of triangles. The main ob-
jective of the study was to investigate the applicability of the
unstructured grid methodology for time-dependent problems
with moving boundaries. The first flow solver that was devel-
oped involves a Runge-Kutta time-stepping scheme with a
finite-volume spatial discretization that reduces to central dif-
ferencing on a rectangular mesh. The solver uses explicitly
added artificial dissipation to prevent oscillations near shock
waves and to damp high-frequency uncoupled error modes. In
Refs. 3 and 4, these procedures, including a multigrid method,
were applied to steady flows about single-element and multi-
element airfoils using unstructured triangular meshes. With
the central-difference-type flow solver, shock waves are cap-
tured usually with two or three interior grid points. The sec-
ond flow solver that was developed involves a modified Euler
time-integration scheme with an upwind-biased spatial dis-
cretization based on the method of flux-vector splitting devel-
oped by Van Leer.10 A distinct advantage of the upwind
method is that it is naturally dissipative so that explicit artifi-
cial dissipation is not required. On structured grids with the
upwind-difference-type flow solver, shock waves are captured
with at most one interior grid point, as demonstrated by
Anderson et al.11 The second flow solver of the present study
was therefore formulated using the procedures of Ref. 11,
extended for application on unstructured meshes. Also, the
flux splittings of the present work include the additional terms
that are necessary for use on moving meshes, and they retain
all of the properties of the original splitting.12'13 A significant
aspect of the present research is the implementation of a
dynamic mesh algorithm that is employed for problems where
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the airfoil moves. The method is completely general in that it
can treat realistic airfoil motions including aeroelastic transi-
ent-type motion. Steady and unsteady results are presented for
the NACA 0012 airfoil to demonstrate application of the
Euler solvers and dynamic mesh algorithm. The unsteady flow
results were obtained for the airfoil pitching harmonically
about the quarter chord. The paper presents descriptions of
the Euler solvers and dynamic mesh algorithm along with
results and comparisons which assess the capability.

Euler Equations
In the present study, the flow is assumed to be governed by

the two-dimensional time-dependent Euler equations which
may be written in integral form as

d_
dt Q dx ay + (F ay - G dx) = 0 (1)

where the vector of conserved variables Q and the convective
fluxes F and G are given by

, G =Q =

(2)

The contravariant velocities U and V are defined by

U = u - x, V = v - yt (3)

where x, and y, are the grid speeds in the x and y directions,
respectively, and the pressure p is given by the equation of
state for a perfect gas

p=(y-\)[e-V2P(u2+v2)] (4)

The preceding equations have been nondimensionalized by the
freestream density px and the freestream speed of sound a^.

Central-Difference Solution Algorithm
In this section an algorithm is presented for the solution of

the two-dimensional time-dependent Euler equations, which
reduces conceptually to central differencing on a rectangular
mesh. Thus, the algorithm is referred to as a central-differ-
ence-type flow solver, as described below.

Spatial Descretization
The Euler equations in integral form [Eq. (1)] are solved

using a finite-volume algorithm that was developed for analy-
sis with an unstructured grid made up of triangles. The al-
gorithm is a nodal scheme whereby the flow variables are
stored at the vertices of the triangles. As shown in Fig. 1 by the
dashed lines, the control volume at a given node / is taken to
be the neighboring triangles, which have a vertex at that node.
The boundary integral in Eq. (1) is approximated as follows.
First, along each edge of the control volume boundary the
fluxes at the two end points are averaged. Then, the contribu-
tion to the boundary integral is determined by taking the
product of the averaged fluxes with the directed length of the
edge. Along edge j-k in Fig. 1, for example, the contribution
to the boundary integral in Eq. (1) is given by

j + Gk)(xk -*,-)

Artificial Dissipation
The unsteady Euler equations are a set of nondissipative

hyperbolic conservation laws whose numerical solution re-

quires some form of artificial dissipation to prevent oscilla-
tions near shock waves and to damp high frequency uncoupled
error modes. On structured meshes, an adaptive blend of
second and fourth differences of the conserved variables has
been shown to be an effective form of dissipation.14 In the
present unstructured mesh Euler solver, a combination of
harmonic and biharmonic operators is employed correspond-
ing to second and fourth differences, respectively. Similar to
that of Jameson and Mavriplis,3 Mavriplis,4 and Jameson et
al.,5 the biharmonic operator provides a background dissipa-
tion to damp high frequency errors, and the harmonic opera-
tor prevents oscillations near shocks. The harmonic operator
is multiplied by a pressure switch, which is first-order accurate
near shocks and is second-order accurate in smooth regions of
the flow. The biharmonic operator is third-order accurate and
is adaptively turned off to prevent overshoots in regions of
shock waves.

Time Integration
The Euler equations are integrated in time by assuming that

the conserved variables represented by Q are constant within a
control volume which yields

d^
dr (5)

where C and D are the convective and dissipative operators,
respectively, and At is the area of the control volume sur-
rounding node /. These equations are integrated in time using
an explicit four-stage, Runge-Kutta time-stepping scheme
given by

2/4

Q"+] = QW (6)

In this scheme, the convective operator is evaluated at each
stage and, for computational efficiency, the dissipative opera-
tor is evaluated only at the first stage. The Runge-Kutta

Fig. 1 Definition of the control volume in the central-difference
solution algorithm.
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scheme represented by Eqs. (6) is second-order accurate in
time and includes the necessary terms to account for changes
in cell areas due to a moving or deforming mesh.

Implicit Residual Smoothing
The explicit time-integration scheme described in the pre-

ceding section has a step size that is limited by the Courant-
Friedricks-Lewy (CFL) condition corresponding to a CFL
number of 2^2. To accelerate convergence to steady-state, the
CFL number may be increased by averaging the residual /?/
with values at neighboring grid points. This is accomplished
by replacing /?, by the smoothed residual R,- given by

where e is a constant selected typically in the range between
zero and one which controls the amount of smoothing and V2

is an undivided Laplacian operator. These implicit equations
are solved approximately using several Jacobi iterations simi-
lar to that which is done in Refs. 3 and 4. Convergence to
steady state is further accelerated using enthalpy damping14

and local time stepping. The local time stepping uses the
maximum allowable step size at each grid point as determined
by a local stability analysis. For unsteady applications, how-
ever, a global time step must be used because of the time-accu-
racy requirement. The maximum allowable global time step
may be increased to a value that is larger than that dictated by
the CFL condition by using a time-accurate version of Eq. (7)
similar to that of Ref. 15. In this procedure the constant e in
Eq. (7) is replaced by a parameter that varies from grid point
to grid point, which is defined by

[i(-^L-i).O.ol (8)L4\A/2
F L / J

In Eq. (8), At is the time step taken, and A/CFL is the locally
allowable time step for the four-stage, Runge-Kutta time-step-
ping scheme.

Upwind-Difference Solution Algorithm
In this section a second algorithm is presented for the solu-

tion of the Euler equations that makes use of upwind
differencing and flux-vector splitting similar to schemes devel-
oped for use on structured meshes. Thus, the algorithm is
referred to as an upwind-difference-type flow solver, as de-
scribed below.

Flux-Vector Splitting
Similar to the central-difference solution algorithm, the up-

wind method solves the Euler equations in integral form [Eq.
(1)] based on a finite-volume discretization on an unstructured

grid made up of triangles. The upwind algorithm is also a
nodal scheme, which has a control volume at a given point / as
defined by the dashed lines in Fig. 2. The edges of the control
volume are constructed within each triangle, which has a
vertex at point / by connecting the centroid of the triangle with
the midpoints of the two edges which share point /. In general,
however, the line connecting the centroids of adjacent trian-
gles is not straight. The boundary integral of Eq. (1) is approx-
imated by using the flux-vector splitting of Van Leer.10 In this
method the flux vectors are split into forward and backward
contributions, which are continuously differentiable even at
sonic and stagnation points. The scheme is derived as follows.
For an edge of the control volume a-b shown in Fig. 2, the
fluxes are first rotated into a locally Cartesian coordinate
system x-y with the principal direction being perpendicular to
the edge. The flux in this direction is defined as

HAs = T(FAy - GAx) =

where the transformation matrix T is given by

As (9)

1
As

"As 0
0 Ay
0 AJC

L° °

0 0 ~
-Ajc 0

Ay 0
0 As

(10)

In Eqs. (9) and (10), AJC and Ay are the directed lengths of edge
a-b in the x and y coordinate directions, respectively, and
As2 = Ajc2 + Ay2. Also, ii and v are the Cartesian velocity
components perpendicular and parallel to the edge defined by

Ay Ax
u = u — — v —

As As

AJC Ay
v = u — — v —

As As

(Ha)

( l ib)

and U and V are the corresponding contravariant velocities

Ay
-

AJC
-

Ax Ay— + (v -y,) —As As

(12a)

(12b)

The flux vector H is split in a one-dimensional fashion into
forward (// + ) and backward (//") vectors for I U\ <a as

where

H=H

"h£™
= U4SS [(-U±2a)/y-

h± v"mass "

(13)

(14)

^."energy

and

Fig. 2 Definition of the control volume in the upwind-difference
solution algorithm.

(15a)
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h ± = h ±
"energy "mass

-(y- \)U2 ± 2(7 - \)Uo + 2a2

Ay AA:\
- + U-f -y,-— )(-U±2a)/y

2 \ As As/
(15b)

The resulting split fluxes are finally rotated back into the
original coordinate system so that

-GAx = (16)

where H + (Q~) and H~(Q + ) denote the fluxes H ± evaluated
using upwind-biased interpolations of the conserved variables
given by

G" = Gi + '/'[(I - *)(A-)/ + K(A + )f-]

Q+ = Qj

where

_), - Qx.(Xj - Xi) + Gv,.

(A + ), = Qj~Qi

(17)

(18)

(19a)

(19b)

(20a)

(20b)

In Eqs. (19a) and (20a), Qx., Qy., QXj, and Qv. are computed
by applying Green's theorem and taking the value of Q along
an edge of the control volume to be the average of the end-
point values. For example, the contribution to Qx. along edge
j-k in Fig. 2 is given by

Also, the parameter K controls a family of difference schemes
by appropriately weighting A _ and A + . On structured meshes
it is easy to show that K = — 1 yields a fully upwind scheme,
K = 0 yields Fromm's scheme, and K = 1 yields central differ-
encing. The value K = 1/3 leads to a third-order-accurate, up-
wind-biased scheme, although the third-order accuracy is
strictly correct only for one-dimensional calculations.11 Never-
theless, K = !/3 was used in the upwind-difference calculations
presented herein. Also, in calculations involving upwind-bi-
ased schemes, oscillations in the solution near shock waves are
expected to occur. To eliminate these oscillations flux limiting
is usually required. In the present study, the continuously
differentiate flux limiter described in Ref. 11 was used to
modify the upwind-biased interpolations for Q~ and Q +

given by Eqs. (17) and (18).
Time Integration

The Euler equations are integrated in time using a two-step-
modified, Euler time-integration scheme given by

rate in time and includes the necessary terms to account for
changes in cell areas due to a moving or deforming mesh. The
Runge-Kutta scheme was not used to time integrate the Euler
equations for the upwind difference solution algorithm since it
was shown by Turkel and Van Leer16 that the allowable CFL
number is reduced from 2v"2 to approximately 1.4 when using
Fromm's scheme. It was therefore concluded that upwind
differencing is not efficient when used in combination with
Runge-Kutta time stepping.16 The two-step modified Euler
scheme was chosen as an alternative to the four-stage Runge-
Kutta scheme since it requires half of the work per time step,
and calculations were found to be numerically stable for a
CFL number of 1.8. To accelerate convergence to steady slate,
local time stepping was used similar to that in the central-dif-
ference algorithm. Enthalpy damping was not used since it is
inappropriate when upwind differencing is employed.

Boundary Conditions
To impose the no-flow-through boundary condition along

the surface of the body, the boundary integral of Eq. (1) is
first rewritten in terms of the flux velocity defined by
LJ&y — KAjc. Then, for control volumes with edges along the
body surface, the flux velocity along these edges, which is
proportional to the velocity normal to the edge, is set equal to
zero.

In the far field, a characteristic analysis based on Riemann
invariants, similar to that used in Refs. 3, 4, and 14, is used to
determine the values of the flow variables on the outer
boundary of the grid. This analysis correctly accounts for
wave propagation in the far field, which is important for rapid
convergence to steady state and serves as a "nonreflecting"
boundary condition for unsteady applications.

Dynamic Mesh Algorithm
A significant aspect of the present research is the implemen-

tation of a dynamic mesh algorithm that is employed for
problems where the body moves. The mesh is moved to con-
form to the instantaneous position of the body by modeling
each edge of each triangle by a spring. The spring stiffness for
a given edge i-j is taken to be inversely proportional to the
length of the edge as

km = (22)

Grid points on the outer boundary of the mesh are held fixed,
and the instantaneous locations of the points on the inner
boundary (body) are prescribed. At each time step, the static
equilibrium equations in the x and y directions are solved
iteratively at each interior node / of the grid for the displace-
ments 6V. and 6V/-. This is accomplished by using a predictor-
corrector procedure, which first predicts the displacements
according to a linear extrapolation given by

6,, = 6y. = 2d"v. - (23)

Q(0) = Qn

and then corrects these displacements using several Jacobi
iterations of the static equilibrium equations using

(24)

Q(\) = n + 2 A

0(2) = ———— Q(0) _ _
A n f A

(21)

Explicit artificial dissipation is not added to the equations
since the upwind-biased spatial differencing is naturally dissi-
pative. Also, similar to the Runge-Kutta time-stepping of Eqs.
(6), the scheme represented by Eqs. (21) is second-order accu-

In Eqs. (24) the summations are performed over all edges of
the triangles that have node / as an end point. The new
locations of the interior nodes are then determined by

*/"'=*/' +«r ' ^r'^/' + s;:;1 (25)
The predictor-corrector procedure has been found to be more
efficient than simply performing Jacobi iterations because far
fewer iterations are required to achieve acceptable conver-
gence. In practice, it has been found that only one or two
iterations are sufficient to move the mesh accurately.
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To demonstrate mesh movement using the dynamic mesh
algorithm, consider the coarse grid about a NACA 0012 airfoil
that is shown in part a of Fig. 3. The grid, which contains 288
nodes, was generated using the Delaunay triangulation
method of Ref. 4. It is used only to illustrate how the mesh
moves. In this example the airfoil was pitched about the
quarter chord for one cycle of sinusoidal motion with an
amplitude of 15 deg. As mentioned, the grid points on the
outer boundary of the mesh are held fixed. The points on the
airfoil are also fixed relative to the airfoil. The mesh at the
maximum pitch angle of 15 deg is shown in part b of Fig. 3,
and the mesh at the minimum pitch angle of — 15 deg is
shown in part c of Fig. 3. The mesh moves smoothly as the
airfoil pitches, and the procedure is completely general in that
it can treat realistic airfoil motions including aeroelastic tran-
sient-type motion.

Geometric Conservation Law
To avoid errors induced by the moving mesh, a geometric

conservation law needs to be satisfied numerically in addition
to the mass, momenta, and energy conservation laws which
govern the physics of the flow. In most of the unsteady flow
computations that have been published previously, however,
this additional conservation law has not been satisfied. As
discussed by Thomas and Lombard,17 the geometric conserva-
tion law is of the same integral form as the mass conservation
law and is defined by

d_
3t (x, dy - y, dx) = 0 (26)

This geometric conservation law must be solved numerically
using the same scheme that is used to integrate the conserva-
tion laws of the fluid to provide a self-consistent solution for
the local cell areas.17 Discretization of Eq. (26), consistent
with the solution algorithms already presented, yields

- A;1 (27)

where the summation is taken over all edges of the control
volume with endpoints at node /.

It is easy to demonstrate that the addition of the geometric
conservation law is important for computations involving
moving meshes by considering a uniform steady-state flow.
Conservative finite-volume schemes with a fixed mesh have
the property that a uniform flow is an exact solution of the
numerical algorithm. For a moving mesh, the uniform flow is
preserved only if the cell areas are computed using the discrete
form of the geometric conservation law. This is true even if the
mesh moves rigidly and the cell areas are not changing geomet-
rically. Similarly for nonuniform flows, the cell areas need to
be recomputed at each time step for rigidly moving meshes or
for deforming meshes to prevent grid-motion-induced errors
in the numerical solution. Therefore, Eq. (27) was used in the
present study to compute the local cell areas at time level
(n + 1), as required by the time-integration schemes of Eqs.
(6) and (21). For the cases considered in the present study,
however, the effects of using the geometric conservation law
in comparison with the geometrical determination of the cell
areas were small.

Programming Considerations
Flow solvers based on unstructured grids have additional

programming considerations that are not necessary in solvers
based on structured grids. For example, connectivity informa-
tion is required to determine which nodes make up a given
triangle, and an indirect addressing system is used to access
this information. Furthermore, special programming strate-
gies, which make extensive use of gather and scatter opera-
tions, are used to achieve full vectorization of the solution
algorithm.18 Vectorization is accomplished primarily by sort-
ing the elements into groups such that within each group no

a) Original grid (for reference)

b) Maximum pitch (a = 15 deg)

c) Minimum pitch (a = — 15 deg)
Fig. 3 Sequence of grids about the NACA 0012 airfoil which illus-
trate how the mesh moves for a pitching airfoil.
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Fig. 4 Partial view of unstructured grid of triangles about the
NACA 0012 airfoil.

element accesses the same node. This avoids vector recur-
rences in the flux balance computation that would prevent
vectorization. The programming procedure then "gathers"
flow variable information from the elements into these
groups, performs the flux balance separately within each
group to solve the Euler equations, and finally "scatters" the
resulting information back to the nodes which make up the
grid.

Results and Discussion
To assess the Euler solvers and dynamic mesh algorithm,

calculations were performed for the NACA 0012 airfoil. These
results were obtained using the unstructured grid shown in
Fig. 4, which was generated using the advancing front
method.6'19 The grid has 3298 nodes, 6438 triangles, and ex-
tends 20 chordlengths from the airfoil with a circular outer
boundary. Also there are 110 points that lie on the airfoil
surface. Steady-state calculations were performed for the air-
foil at a freestream Mach number of Mx - 0.8 and an angle of
attack of a ( )=1.25 deg. Unsteady calculations were per-
formed for the airfoil pitching harmonically about the quarter
chord with an amplitude of a\ = 2.5\ deg and a reduced
frequency based on semichord of k = 0.0814 at Mx = 0.755
and ceo = 0.016 deg. Two sets of steady and unsteady results
were obtained corresponding to solutions computed using the
central-difference and upwind-difference algorithms. These
calculations are compared with the experimental unsteady
data of Ref. 20.
Steady-Flow Results

Steady-flow results were obtained for the NACA 0012 air-
foil with the central-difference algorithm using 2000 iterations
and a CFL number of 5. Convergence to steady state was
accelerated using local time stepping, implicit residual
smoothing, and enthalpy damping. The solution residual was
reduced by over eight orders of magnitude as determined by
the reduction in the L2 norm of the density residual. To
engineering accuracy an acceptably converged solution can be
obtained in less than 1000 iterations, which requires approx-
imately 6 min of CPU time on the VPS-32 (CDC Cyber 205)
computer at NASA Langley Research Center. Steady flow
results were also obtained for the NACA 0012 airfoil with the
upwind-difference algorithm using 4500 iterations and a CFL
number of 1.8. Convergence to steady state was accelerated
using local time stepping/The solution residual was reduced
by five orders of magnitude, which cost approximately twice
that of the central-difference solution on a per iteration basis.
The increase in computational cost is due to the increased
number of operations required by the flux-vector splitting in
comparison with the central-difference algorithm.

Steady pressure distributions for the NACA 0012 airfoil at
MO, = 0.8 and a(} - 1.25 deg are shown in Fig. 5. The central-

a) Central-difference solution

u

-.4

-.8

-1.2
(

: "\
CT în^̂ ^

i i i i i
) .2 .4 .6 .8 1.0

b) Upwind-difference solution X/C
Fig. 5 Comparison of steady pressure distributions for the NACA
0012 airfoil at Moo = 0.8 and «o = 1.25 deg.

difference solution is shown in part a of Fig. 5, and the
upwind-difference solution is shown in part b of Fig. 5. For
this case there is a relatively strong shock wave on the upper
surface of the airfoil near 62% chord and there is a relatively
weak shock wave on the lower surface near 30% chord. The
solution obtained using the central-difference algorithm indi-
cates that the upper surface shock is captured with about three
internal grid points and the lower surface shock is smeared.
The solution obtained using the upwind-difference algorithm
shows that there is only one interior grid point within the
upper surface shock structure and that the lower surface shock
is also more sharply captured. Away from the shocks, the two
sets of pressure are in good agreement with each other. Fur-
thermore, the steady pressure results of Fig. 6 are of compara-
ble accuracy in comparison with the numerous published re-
sults for this case such as those reported in Ref. 21.

Unsteady-Flow Results
Unsteady results were obtained for the pitching NACA 0012

airfoil using step sizes of A/ =0.0204 and 0.0051 for the
central-difference and upwind-difference algorithms, respec-
tively. A smaller step size was used in the upwind method since
a smaller CFL number is required, and the implicit residual
smoothing was not used. In each case, three cycles of motion
were computed to obtain a periodic solution.

Calculated instantaneous pressure distributions at eight
points in time during the third cycle of motion are shown in
Fig. 6 for comparison with the experimental data. In each
pressure plot, the instantaneous angle of attack a.(r) and the
angular position in the cycle kr are noted where T is time,
nondimensionalized by airfoil semichord and the streamwise
freestream speed. During the first part of the cycle, there is a
shock wave on the upper surface of the airfoil, and the flow
over the lower surface is predominantly subcritical. During the
latter part of the cycle, the flow about the upper surface is
subcritical, and a shock forms along the lower surface. The
pressure distributions indicate that the shock position oscil-
lates over approximately 25% of the chord along each surface
and, in general, that the two sets of calculated results compare
well with the experimental data. Similar to the steady-flow
results, the upwind-difference algorithm captures shock waves
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———— Central-difference solution
— —— — Upwind-difference solution

o Upper surface - Experiment
n Lower surface - Experiment

(X (T ) = 0.52°
kt = 168°

< X ( T ) = -0 .54°
ki = 347°

.8 1.0.2 .4 .6 .8 1.0 0 .2 .4 .6 .8 1.0 0 .2 .4 .6 .8 1.0 0 .2 .4 .6
X/C X/C X/C X/C

Fig. 6 Comparison of instantaneous pressure distributions for the NACA 0012 airfoil pitching at Moo = 0.755, «o = 0.016 deg, ct\ = 2.51 deg, and
k= 0.0814.

——— Central-difference solution
— — — Upwind-difference solution

o Experiment

.3

C, 0

-.3

a) Lift coefficient

.04r

.02

-.02

4 -2 0
a

2 4

-.04
- 4 - 2 0 2 4

b) Moment coefficient OL
Fig. 7 Comparison of coefficient vs instantaneous angle of attack
for the NACA 0012 airfoil pitching at M^ = 0.755, <*o = 0.016 deg,
ai = 2.51 deg, and k =0.0814.

that are sharper in comparison with the shocks predicted by
the central-difference algorithm. The calculated results, how-
ever, show the expected symmetry in the flow in that the upper
surface pressure distribution during the first half of the cycle
is very similar to the lower surface pressure distribution during
the second half of the cycle. The experimental data therefore
appears to have been obtained at a slightly higher steady-state
angle of attack than that reported in Ref. 20.

Comparisons of calculated and experimental lift and mo-
ment coefficients vs the instantaneous angle of attack are
presented in Fig. 7. The lift coefficient is shown in part a of
Fig. 7, and the moment coefficient is shown in part b of Fig.
7. These coefficients show the variation as a function of angle

of attack during a cycle of motion, and, in general, the two
sets of calculated results compare well with the experimental
data. The comparisons of lift coefficient further indicate that
the data was probably obtained at a higher steady-state angle
of attack since the experimental values are higher than the
calculated values. Furthermore, the unstructured grid results
of Figs. 6 and 7 are of comparable accuracy in comparison
with published results obtained using structured grid methods
for this case, such as those reported by Anderson and
Batina.21

Concluding Remarks
Two algorithms for the solution of the time-dependent Eu-

ler equations were presented for unsteady aerodynamic analy-
sis of oscillating airfoils. Both algorithms were developed for
use on unstructured grids made up of triangles. The first flow
solver involves a Runge-Kutta time stepping scheme with a
finite-volume spatial discretization that reduces to central dif-
ferencing on a rectangular mesh. The second flow solver in-
volves a modified Euler time-integration scheme with an up-
wind-biased spatial discretization based on the flux-vector
splitting developed by Van Leer. A significant aspect of the
research is the implementation of a dynamic mesh algorithm
that is employed for problems where the airfoil moves. The
method is completely general in that it can treat realistic airfoil
motions including aeroelastic transient-type motion.

Steady and unsteady flow results were presented for the
NACA 0012 airfoil to demonstrate application of the Euler
solvers and dynamic mesh algorithm. The unsteady results
were obtained for the airfoil pitching harmonically about the
quarter chord. Two sets of steady and unsteady results were
obtained corresponding to solutions computed using the cen-
tral-difference and upwind-difference algorithms. Compari-
sons of these solutions indicated that the shock waves pre-
dicted by the upwind method were more sharply captured than
those predicted by the central-difference method, as expected.
Also, for the unsteady case that was considered, the two sets
of calculated instantaneous pressure distributions and lift and
moment coefficients compared well with the experimental
data.

The accuracy of the results presented and the ease with
which the unstructured grid can be moved for realistic airfoil
motions indicate that the unstructured grid methodology is
attractive for time-dependent problems involving moving
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boundaries. Therefore, the current effort is being directed
toward increasing the computational efficiency of the present
procedures and developing three-dimensional flow solvers us-
ing tetrahedral grids for unsteady aerodynamic and aeroelastic
analysis of complete aircraft configurations as reported in
Ref. 22.
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